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A GEOMETRIC HALL-TYPE THEOREM
ANDREAS F. HOLMSEN, LEONARDOMARTINEZ-SANDOVAL,
AND LUIS MONTEJANO
ABSTRACT. We introduce a geometric generalization of Hall’s marriage
theorem. For any family F = {X1, . . . ,Xm } of finite sets in Rd , we give
conditions under which it is possible to choose a point x i ∈ X i for ev-
ery 1 ≤ i ≤ m in such a way that the points {x1, ...,xm } ⊂ Rd are in
general position. We give two proofs, one elementary proof requir-
ing slightly stronger conditions, and one proof using topological tech-
niques in the spirit of Aharoni and Haxell’s celebrated generalization
of Hall’s theorem.
1. INTRODUCTION
1.1. Background. Let F = {S1, . . . ,Sm } be a family of finite subsets of
a common ground set E . A system of distinct representatives is an m -
element subset {x1, . . . ,xm } ⊂ E such that x i ∈Si for all 1≤ i ≤m . A clas-
sical result in combinatorics is Hall’s marriage theorem [11] which states
that a family F = {S1, . . . ,Sm } has a system of distinct representatives if
and only if
⋃
i∈I
Si
≥ |I | for every non-empty subset I ⊂ {1, . . . ,m }.
In 2000, Aharoni and Haxell [6] presented a remarkable generalization of
Hall’s theorem. Let F = {H1, . . . ,Hm } be a family of hypergraphs on a com-
mon vertex set V . A system of disjoint representatives is anm -element set
{E1, . . . ,Em } of pairwise (vertex) disjoint edges such that E i ∈ Hi for all
1 ≤ i ≤m . The Aharoni and Haxell result gives a sufficient condition for
a family of hypergraphs to have a system of disjoint representatives, and
their result reduces to the Hall’s theorem in the case when the Hi are 1-
uniform hypergraphs. Their result was used to prove Ryser’s conjecture
for 3-uniformhypergraphs [1], but perhapsmore importantly, their proof
introduced topological techniques into this classical branch of combina-
torics. The connections with topological combinatorics were further in-
vestigated and generalized in [2], [3], [4], [5], [12], [13], [15], [16].
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1.2. Our result. The purpose of this paper is to introduce a discrete geo-
metric generalization of Hall’s marriage theorem. We say that a subset
X ⊂Rd is in general position if every subset of size at most d +1 is affinely
independent. Let F = {X1, . . . ,Xm } be a family of finite sets in Rd . A sys-
tem of general position representatives is a subset {x1, . . . ,xm } in general
position such that x i ∈ X i for all 1≤ i ≤m . For a finite set X ⊂Rd letϕ(X )
denote themaximal size of a subset of X in general position. We have the
following.
Theorem 1.1. For every integer d ≥ 1 there exists a function f d : N → N
such that the following holds. Let F = {X1, . . . ,Xm } be a family of finite sets
inRd . If
ϕ
 ⋃
i∈I
X i
!
≥ f d (|I |)
for every non-empty subset I ⊂ {1, . . . ,m }, then F has a system of general
position representatives.
Notice that for d = 1, a set is in general position if its elements are pair-
wise distinct. Therefore we can set f 1(k ) = k , in which case Theorem 1.1
reduces to Hall’s theorem.
Once the existence of the functions f d (k ) has been established, a natural
goal is to obtain good general upper bounds on these functions. In gen-
eral we are interested in asymptotic bounds, that is, when d is fixed and
the number of sets in the family F grows.
Let us illustrate how the the size of F = {X1, . . . ,Xm } plays a role. Suppose
m ≤ d + 1. We claim that if ϕ
⋃
i∈I
X i

≥ |I | for every non-empty sub-
set I ⊂ {1, . . . ,m }, then F has a system of general position representatives
(which is the same condition as in Hall’s theorem). This follows from the
matroid intersection theorem due to Edmonds [10]. To see this, let the
ground set be the disjoint union E = X1∪˙ · · · ∪˙Xm . (We allow for the same
point to appear in several X i , but we keep track of itsmultiplicity.) LetM1
be the matroid on E whose independent sets are the affinely indepen-
dent subsets, and letM2 be the partition matroid induced by X1, . . . ,Xm .
Let r1 and r2 be the respective rank functions. Given a subset S ⊂ E , let
I ⊂ {1, . . . ,m } be the maximal subset such that
⋃
i∈I X i ⊂S. We then have
r1(S)≥ r1
⋃
i∈I
X i

and r2(E −S)≥m − |I |. The matroid intersection the-
orem implies that F has a system of general position representatives if
r1(S)≥ |I | for every non-empty subset S ⊂ E . This inequality holds by our
hypothesis since r1(S) =min{d +1,ϕ(S)} ≥min{d +1,ϕ
⋃
i∈I X i

} ≥ |I |.
It is also easily seen that whenm > d + 1, the condition ϕ
⋃
i∈I
X i

≥ |I |
is not sufficient to guarantee a systemof general position representatives.
Suppose |X1| = · · · = |Xm−1| = 1 and that
⋃m−1
i=1 X i is in general position in
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Rd . From every hyperplane spanned by a d -tuple from
⋃m−1
i=1 X i choose
an additional point, at random, to be included in the set Xm . Thus Xm
consists of
 m−1
d

points in general position. For every non-empty subset
I ⊂ {1, . . . ,m } we have ϕ
⋃
i∈I X i

≥ |I |, but F has no system of general
position representatives.
1.3. Outline of paper. Wewill present two proofs for the existence of the
functions f d (k ). The first proof uses an elementary pigeon-hole argu-
ment and gives an upper bound in O(k d+1). This is given in Section 2.
Our second proof uses more sophisticated techniques and gives an up-
per bound in O(k d ). This is given in Section 3, while the main auxiliary
result (Theorem 3.1) is proved in Section 4. We do not know if this bound
is optimal, and it is an interesting problem to determine better bounds
on f d (k ). The reader familiar with matroids will notice that many of our
arguments rely on properties of the underlying matroid of the point set.
This leads to generalizations of our results which will be discussed fur-
ther in Section 5. (All matroids arising in our setting are loopless, so this
will be implicitly assumed throughout.)
Just as the seminal result of Aharoni andHaxell, our second proof of The-
orem 1.1 relies on topological methods, and we assume the reader is fa-
miliar with some basic notions of combinatorial topology. By using a
result of Kalai and Meshulam [14, Proposition 3.1] (also appearing im-
plicitly in [2], [6], and [15]), Theorem 1.1 can be reduced to the prob-
lem of showing that a certain simplicial complex is highly connected.
We remind the reader that a topological space X is k -connected if ev-
ery map f : Si → X extends to a map fˆ : Bi+1 → X for i = −1,0,1, . . . ,k .
Here Bi+1 denotes the (i + 1)-dimensional ball whose boundary is the i -
dimensional sphere Si , and (−1)-connected means non-empty. The fol-
lowing observation is sufficient for our application: A simplicial complex
is k -connected if and only if its (k +1)-skeleton is k -connected.
Before getting to the details, let us conclude with a few words about the
simplicial complex arising in our second proof of Theorem 1.1. It was
made explicit in [15], that the key idea in the Aharoni and Haxell result is
to capture pairwise disjointness among the members in a family of sets.
This can be encoded by the disjointness graph of the family, and the re-
sulting simplicial complex is the clique complex of the disjointness graph.
However, the general position property is not a pairwise condition (for
d ≥ 2), and to encode the subsets in general position requires a simpli-
cial complex, the independence complex of the underlyingmatroid of the
point configuration. This in turn requires a higher-dimensional version
of a clique complex, which we call the completion. A crucial observation
concerning the completion of a complex is Lemma 4.4, which gives a lo-
cal combinatorial condition on a simplicial complex which guarantees
that its completion is k -connected.
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2. PROOF OF THEOREM 1.1
For positive integers d and k let
Ad (k ) :=
(
k if k ≤ d +1
d
 k−1
d

+1 if k > d +1.
Notice that Ad (k ) is inO(k d ).
Lemma 2.1. Let k be a positive integer. If S and T are sets in general posi-
tion in Rd where |S|= k −1 and |T | ≥ Ad (k ), then there exists a point p in
T such that S ∪ {p} is in general position.
Proof. For k ≤ d + 1 the result is a consequence of the augmentation
property of the underlying matroid of a set of points in Rd (the indepen-
dent sets are the affinely independent sets). Suppose now that k ≥ d + 2
and that T is a set of points in general position with |T | ≥ Ad (k ). Notice
that S spans
 k−1
d

affine hyperplanes. In each of these hyperplanes there
can be at most d points from T since T is in general position. Therefore
there exists a point p in T which does not lie in any of these hyperplanes,
implying thatS ∪ {p} is in general position. 
Now let Bd (k ) = k (Ad (k )−1)+1. Notice that Bd (k ) is inO(k d+1).
Theorem 2.2. Let F = {X1, . . . ,Xm } be a family of finite sets inRd . If
ϕ
 ⋃
i∈I
X i
!
≥ Bd (|I |)
for every non-empty subset I ⊂ {1, . . . ,m }, then F has a system of general
position representatives.
Proof. By the hypothesis,ϕ
⋃m
i=1X i

≥m (Ad (m )−1)+1. By the pigeon-
hole principle, there are at least Ad (m ) points in general position belong-
ing to one of the sets X1, . . . ,Xm , so we may assume ϕ(Xm ) ≥ Ad (m ). Us-
ing the hypothesis for I = {1, . . . ,m − 1}, the same reasoning implies that
there are Ad (m − 1) points in general position belonging to one of the
sets X1, . . ., Xm−1, so we may assume ϕ(Xm−1) ≥ Ad (m − 1). Proceeding
downwards we may assume thatϕ(X i )≥ Ad (i ) for each i ∈ {1, . . . ,m }.
Now we use Lemma 2.1 upwards. We take a point p1 ∈ X1. Suppose we
have selected points p i ∈ X i for i ∈ {1,2, . . . ,k −1} such that {p1, . . . ,pk−1}
is in general position. Then Lemma 2.1 allows us to select a point pk ∈ Xk
such that {p1, . . . ,pk } is in general position. We continue up to k =m to
get the desired system of general position representatives. 
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3. A BETTER UPPER BOUND BY TOPOLOGICAL METHODS
3.1. The general position complex. Let X ⊂Rd be a finite (multi)set. Let
us define the general position complex of X , denoted by G (X ), to be the
simplicial complex
G (X ) := {S ⊂ X : S is in general position inRd }.
Note that we allow for X to have repeated points. The number of vertices
ofG (X ) is the cardinality of X , counting multiplicities. A key observation
is that the connectivity ofG (X ) can be bounded below in terms of d and
ϕ(X ).
Theorem 3.1. For all integers d ≥ 1 and k ≥ −1 there exists a minimal
positive integer g d (k ) such that the following holds. If X ⊂ Rd is a finite
(multi)set with ϕ(X )≥ g d (k ), thenG (X ) is k -connected.
A closely related simplicial complex is the independence complex of X ,
denoted byM (X ), defined as
M (X ) := {S ⊂ X : S is affinely independent}.
The simplices ofM (X ) are the independent sets of a matroid, the under-
lying matroid of X , which has rank r =min{ϕ(X ),d + 1}= dimM (X ) + 1.
Note thatM (X ) is the (r −1)-skeleton ofG (X ).
Remark 3.2. Wepostpone the proof of Theorem 3.1, but herewe note the
following special cases.
For d = 1, a multiset X consists of n = ϕ(X ) distinct points
with mutliplicities m1, . . . ,mn . The corresponding general po-
sition complex is the join of n discrete sets of points. That is,
G (X ) = V1 ∗ · · · ∗Vn , where |Vi | =m i . If |Vi | = 1 for any i , thenG (X )
is contractible. If |Vi | > 1 for all i it is known that G (X ) is homo-
topic to a wedge of (n − 1)-dimensional spheres which is (n − 2)-
connected. Therefore g 1(k ) = k +2.
If k ≤ d − 1, then g d (k ) = k + 2. In this case G (X ) = M (X ), and
the claim follows from thewell-known fact that the independence
complex of a rank r matroid is (r −2)-connected (see e.g. [7, 9]).
3.2. Colorful simplices. Let K be a simplicial complex on the vertex set
V , and let V =V1∪· · ·∪Vm be a partition. A simplexS ∈ K is called colorful
if |S ∩Vi | = 1 for all 1 ≤ i ≤m . For a non-empty subset I ⊂ {1, . . . ,m } let
K (I ) denote the induced subcomplex K
⋃
i∈I
Vi

.
The following sufficient condition for the existence of a colorful simplex
in K was given in [14, Proposition 3.1] (where it is stated in terms of ra-
tional homology rather than connectedness), and in amore general form
in [2, Theorem 4.5].
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Proposition 3.3 (Kalai and Meshulam). Let K be a simplicial complex on
the vertex set V with partition V =V1 ∪ · · · ∪Vm . If the induced subcomplex
K (I ) is (|I | − 2)-connected for every non-empty subset I ⊂ {1, . . . ,m }, then
K contains a colorful simplex.
Second proof of Theorem 1.1. Let F = {X1, . . . ,Xm } be a family of finite sets
inRd and let X = X1∪˙ · · · ∪˙Xm (that is, countingmultiplicities). Themem-
bers of F induce a partitionof the vertex set ofG (X ), and F has a systemof
general position representatives if and only if the general position com-
plexG (X ) contains a colorful simplex. Ifϕ
⋃
i∈I X i

≥ g d (|I |−2) for every
non-empty subset I ⊂ {1, . . . ,m }, then, by Theorem 3.1,G (X ) satisfies the
conditions of Proposition 3.3. Therefore f d (k ) can be bounded above by
g d (k −2). 
Remark 3.4. In the next section we give an upper bound on g d (k )which
is inO(k d ).
4. PROOF OF THEOREM 3.1
4.1. The completion of a simplicial complex. Let k be a positive integer
and S a finite set with |S| ≥ k . The collection of all subsets of S of size at
most k is denoted by
[S]k := {T ⊂S : |T | ≤ k }.
Let us also define [S]0 := ;.
Let K be a simplicial complex of dimension d on the vertex set V . For the
proof of Theorem 3.1 we need the following simplicial complexes associ-
ated with K .
For a vertex v ∈ V , let stK (v ) denote the star of v , which is defined as
stK (v ) := {S ⊂V : S ∪ {v } ∈ K }.
Notice that stK (v ) is always non-empty since v ∈ stK (v ). Also, if L is a
subcomplex of K and v is a vertex of L, then stL(v )⊂ stK (v ).
For a vertex v ∈ V , let ΓK (v )denote theneighborhood complex of v , which
is defined as
ΓK (v ) := stK (v ) ∪ {S ⊂V −{v } : S ∈ K , |S|= d +1, [S]d ⊂ stK (v )}.
We warn the reader about the subtle dependence on d = dimK . For in-
stance, if K is 0-dimensional, i.e. a set of isolated vertices, then ΓK (v ) =
K . However, if K has positive dimension and v is an isolated vertex of K ,
then ΓK (v ) = {v }. This shows that if L is a subcomplex of K , then it is not
generally true that ΓL(v ) is a subcomplex of ΓK (v ).
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For j ≥ d , let∆j (K ) denote the j -completion of K , which is defined as
∆j (K ) := K ∪ {S ⊂V : |S| ≥ j +2, [S]j+1 ⊂ K }.
Let us also define∆j (;) := ;. Notice that if K is 0-dimensional then∆0(K )
is the (|V | − 1)-dimensional simplex. Also, if j > dimK , then ∆j (K ) = K .
Consequently, if L is a subcomplex of K , then∆d (L)⊂∆d (K ).
Proposition 4.1. Let K be a simplicial complex of dimension d and let
{K i }i∈I be a finite family of subcomplexes of K . Then
∆d
 ⋂
i∈I
K i
!
=
⋂
i∈I
∆d (K i ).
Proof. Since
⋂
i∈I K i ⊂ K i , we have ∆d
⋂
i∈I K i

⊂ ∆d (K i ). Therefore
∆d
⋂
i∈I
K i

⊂
⋂
i∈I
∆d (K i ).
For the other direction, suppose S ∈
⋂
i∈I
∆d (K i ). If |S| ≤ d + 1, then S ∈⋂
i∈I
K i ⊂∆d
⋂
i∈I
K i

. If |S| ≥ d +2, then [S]d+1 ⊂ K i for every i ∈ I . That
is, [S]d+1 ⊂
⋂
i∈I
K i , and therefore S ∈∆d
⋂
i∈I
K i

. 
Proposition 4.2. Let K be a simplicial complex of dimension d on the
vertex set V and let v ∈ V . Then
st∆d (K )(v ) = ∆d (ΓK (v )) .
Proof. We first show that st∆d (K )(v ) ⊂ ∆d (ΓK (v )). Suppose S ∈ st∆d (K )(v ),
which, by definition, means that
S ∪ {v } ∈ ∆d (K ) = K ∪ {T ⊂V : |S| ≥ d +2, [S]d+1 ⊂ K }.
If |S∪{v }| ≤ d +1, thenS∪{v } ∈ K . This implies thatS ∈ stK (v ), and since
stK (v )⊂ ΓK (v )⊂∆d (ΓK (v ))we have S ∈∆d (ΓK (v )).
If |S ∪ {v }| ≥ d + 2, then [S ∪ {v }]d+1 ⊂ K . This implies that for every T ∈
[S−{v }]d we have T ∈ stK (v ), and consequently [S]d+1 ⊂ ΓK (v ). Therefore
S ∈∆d (ΓK (v )).
It remains to show that∆d (ΓK (v ))⊂ st∆d (K )(v ). SupposeS ∈∆d (ΓK (v )).
If |S| ≤ d + 1, then S ∈ ΓK (v ). Furthermore, if |S − {v }| ≤ d it follows that
S ∈ stK (v ). Since K ⊂∆d (K ) we have S ∈ st∆d (K )(v ). On the other hand, if
v /∈S and |S|= d +1, then, by definition, we have S ∈ K and [S]d ⊂ stK (v ).
This implies that [S ∪ {v }]d+1 ⊂ K , and it follows that S ∪ {v } ∈ ∆d (K ),
which shows that S ∈ st∆d (K )(v ).
If |S| ≥ d +2, then [S]d+1 ⊂ ΓK (v ). This implies that for every T ∈ [S−{v }]d
we have T ∈ stK (v ), and for every T ∈ [S − {v }]d+1 we have T ∈ K . It
follows that [S ∪ {v }]d+1 ⊂ K , and therefore S ∪ {v } ∈∆d (K ), which shows
thatS ∈ st∆d (K )(v ). 
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4.2. The Nerve theorem. Let F be a finite family of sets. The nerve of
F , denoted by N (F ), is the simplicial complex on the vertex set F whose
simplices are the intersecting subfamilies of F , that is
N (F ) := {G ⊂ F :
⋂
S∈G
S 6= ;}.
We will use the following version of the Nerve theorem which is a conse-
quence of [8, Theorem 6].
Theorem 4.3 (Björner). Let K be a simplicial complex and F = {K i }i∈I a
finite family of subcomplexes such that K =
⋃
i∈I
K i . Suppose every non-
empty intersection
⋂
t ∈T
K t is (k + 1− |T |)-connected, T ⊂ I . Then K is
k -connected if and only if N (F ) is k -connected.
4.3. The q-star property. Let K be a simplicial complex of dimension d
on the vertex setV . For any integerq ≥ 1, we say that K isq-star if |V |> q ,
and for every subset Y ⊂ V of size q there exists a vertex v ∈ V −Y such
that S ∪ {v } ∈ K for every simplex S ∈ K [Y ] with |S| ≤ d . The following is
an extension of a result on clique complexes appearing in [13, Theorem
3.1], and in a more general form in [15, Theorem 1.5].
Lemma 4.4. Let K be a simplicial complex of dimension d and let k be a
non-negative integer. If K is (2k + 2)-star, then its d -completion ∆d (K ) is
k -connected.
Proof. For d = 0 the statement holds because∆0(K ) is a simplex which is
contractible. We may therefore assume d ≥ 1.
If a complex K of dimension d ≥ 1 is 2-star, then K is connected which
implies that∆d (K ) is also connected. So the statement is clearly true for
k = 0, and we proceed by induction on k .
Suppose K is (2k + 2)-star for k > 0 and let V be the vertex set of K . For
each vertex v ∈ V , let Kv = st∆d (K )(v ). Define the family of subcomplexes
F = {Kv }v∈V . Clearly we have
∆d (K ) =
⋃
v∈V
Kv .
For a non-empty subsetW ⊂ V , let KW =
⋂
v∈W Kv . Theorem 4.3 implies
that∆d (K ) is k -connected, if we can show the following.
(i) KW is (k +1− t )-connected for every non-empty subsetW ⊂V with
|W |= t .
(ii) The nerveN (F ) is k -connected.
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Part (i). For every v ∈ V , Kv is a cone which is contractible, and hence
k -connected. Now consider W ⊂ V with |W | = t ≥ 2, and let LW =⋂
v∈W
ΓK (v ). By Propositions 4.1 and 4.2 we have
KW =
⋂
v∈W
st∆d (K )(v ) = ∆d
 ⋂
v∈W
ΓK (v )
!
= ∆d (LW ).
By induction, it therefore suffices to prove that LW is (2(k+1−t )+2)-star.
Also notice that for t ≥ 2 we have 2k +2− t ≥ 2(k +1− t )+2, so it suffices
to show that LW is (2k +2− t )-star.
Let X be the vertex set of LW . Clearly a vertex v belongs to X if and only
if {v,w } ∈ K for all w ∈W . This implies that |X | > 2k + 2− t , since K is
(2k +2)-star.
Next, we observe that for everyY ⊂ X with |Y |= 2k+2−t we can find a set
Z ⊂ X ∪W with |Z |= 2k +2 such that Y ∪W ⊂Z . Since K is (2k +2)-star,
there exists v ∈ V −Z such that
(∗) S ∪ {v } ∈ K for every S ∈ K [Z ] with |S| ≤ d .
It follows from our previous observation that v ∈ X .
Let S ∈ LW [Y ] with |S| ≤ dimLW ≤ d . We need to show that S ∪ {v } ∈ LW ,
that is, S ∪ {v } ∈ ΓK (w ) for every w ∈W . Notice that S ∪ {w } ⊂ Z , so (∗)
may be applied provided |S ∪ {w }| ≤ d .
If |S ∪ {w }| ≤ d , then (∗) implies that S ∪ {w } ∪ {v } ∈ K . This just means
thatS ∪ {v } ∈ stK (w ), and consequentlyS ∪ {v } ∈ ΓK (w ).
If |S ∪ {w }| = d + 1, then |S| = d , w /∈ S, and S ∪ {w } ∈ K . For every T ∈
[S ∪ {w }]d , it follows from (∗) that T ∪ {v } ∈ K . In particular S ∪ {v } ∈ K
and [S ∪ {v }]d ⊂ stK (w ), and since |S ∪ {v }| = d + 1, we conclude that
S ∪ {v } ∈ ΓK (w ).
This shows that LW is (2k +2− t )-star.
Part (ii). Clearly KW is non-empty for any subsetW ⊂ V with |W |= 2k +
2. Therefore the (2k + 1)-skeleton of the nerve N (F ) is complete, which
implies thatN (F ) is 2k -connected. 
Proof of Theorem 3.1. Let K = M (X ), the independence complex of X .
Clearly the general position complex of X is the d -completion of K , that
is, G (X ) = ∆d (K ). We want to show that G (X ) is k -connected provided
ϕ(X ) is sufficiently large. In view of Remark 3.2, we may assume that
k ≥ d . Wewill show that ifϕ(X )> d
 2k+2
d

, then K is (2k+2)-star. This im-
plies thatG (X ) is k -connected by Lemma 4.4. Let S ⊂ X with |S|= 2k +2.
Let H denote the set of hyperplanes spanned by affinely independent d -
tuples in S. Therefore, if ϕ(X ) > d
 2k+2
d

≥ d |H |, then there exists a point
x ∈ X which is not contained in the affine hull of any subset T ⊂ S with
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|T | ≤ d , and consequently K is (2k + 2)-star. This gives an upper bound
on g d (k )which is inO(k d ). 
5. CONCLUDING REMARKS
The natural problem that arises is to try to determine better (or exact)
bounds for the functions g d (k ). We have shown that g d (k ) = k + 2 for
k ≤ d − 1 and g d (k ) ≤ d
 2k+2
d

+ 1, otherwise, but we hardly believe this
to be optimal. In fact, the exact same proof (and bound) works in a more
general setting, which we now describe.
Let M be a matroid of rank r on the ground set E . We say that a subset
S ⊂ E is uniform if S is independent or |S|> r and everymember of [S]r is
independent. The set of all uniform subsets of a matroidM form a sim-
plicial complex, which call the uniformity complex of M . Obviously, the
uniformity complex of a matroid is the (r −1)-completion of its indepen-
dence complex. If we let µ(M ) denote the maximum size of a uniform
subset ofM , then we have the following generalization of Theorem 3.1.
Theorem 5.1. For all integers r ≥ 2 and k ≥ −1 there exists a minimal
positive integer hr (k ) such that the following holds. IfM ismatroid of rank
r and µ(M )≥ h r (k ), then the uniformity complex of M is k -connected.
Proof. The same argument (as in the proof of Theorem 3.1) shows that if
µ(M )> (r−1)
 2k+2
r−1

, then the independence complex ofM is (2k+2)-star.
The theorem then follows from Lemma 4.4. 
Wefind it likely that there should be a sharp distinction in the asymptotic
behavior between the function hr (k ) and the corresponding function
g r−1(k ). More generally, we find it reasonable to expect the orientability
of the matroidM to have a strong quantitative effect on the connectivity
of the uniformity complex, but we lack any evidence to support this. In
fact, the only exact value we know (apart fromwhat is covered by Remark
3.2) is g 2(2) = h3(2) = 7.
In conclusion we mention that, in view of Theorem 5.1, it is straightfor-
ward to apply Proposition 3.3 to obtain an analogue of Theorem 1.1 for
uniform systems of representatives. Further generalizations can also be
obtained by using the more general version of Lemma 3.3 appearing in
[2, Theorem 4.5]. We leave the details to the reader.
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